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Analysis of Fastened Structural Connections

Jacob Bortman* and Barna A. Szabof
Washington University, St. Louis, Missouri 63130

An approach for modeling the transfer of forces in fastener groups is described which takes nonlinearities into
account. The method is used for analyzing two problems which involve design of repairs and damaged
structures. The model predictions are found to be in a good agreement with available experimental results. The
study demonstrates the importance of fastener stiffness and initial clearance on load distribution.

I. Introduction

ELIABLE structural analysis of mechanically fastened

connections is of major importance in modern design of
aircraft structures where requirements for optimal design must
be met. In current practice, extensive full-scale testing is used
mainly because the reliability of mathematical models has not
been established to the satisfaction of engineers who have to
make or approve design decisions. Improved reliability of
mathematical models will make it possible to reduce the scope
of experimental programs and the time required for develop-
ing information on which design decisions can be based with
confidence. Also, extensive testing programs can improve the
safety of design (at a substantial cost) but cannot be used for
optimizing design with respect to weight and durability. Only
reliable mathematical models can do that.

In this paper, the problem of simulating the elastostatic
response of fastened structural connections, with guarantee of
reliability, is discussed. Some aspects of this problem were
presented in Ref. 1 where the interaction between the fasteners
and the plates was simulated by distributed springs. Friction
was treated by the addition of external tractions in an iterative
process. Each fastener was represented by a nonlinear relation
between the transferred force and the relative displacements.
The accuracy of the method was verified through tight quality
control of the numerical approximation errors and compari-
sons with experimental results.

This paper is concerned with the accuracy and reliability of
the mathematical model. Two kinds of error have to be con-
sidered?:

1) The differences between the exact solution of the mathe-
matical problem formulated to represent a physical system
and the actual response or behavior of the physical system are
called errors of idealization.

2) The differences between the exact solution of the mathe-
matical problem formulated to represent a physical system or
process and its numerical approximation are called errors of
discretization.

In some cases the two errors, the errors of idealization, and
discretization may partially cancel one another. Therefore it is
important to verify by means other than the experiment itself
that the numerical solution is close to the exact solution of the
model. Only then is it possible to investigate whether the
errors of idealization are large or small by making compari-
sons with experimental observations.

The load distribution in bolted or riveted joints had been
investigated both experimentally and theoretically, (e.g., Refs.
3-25). In these studies, a number of assumptions had been
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incorporated, such as ignoring friction, neglecting bending of
fasteners, assuming uniform stress distribution in the plates at
each section between any two adjacent rows, etc. Although
these assumptions enable one to reduce the amount of effort
required to obtain a load distribution among fasteners, one
has to consider also the magnitude of error introduced by such
simplifications. Understanding the effects of simplifications in
terms of loss in accuracy and reliability is obviously of great
importance.

Two model problems were investigated:

1} An orthotropic shear panel with a circular hold, simulat-
ing damage, repaired by an octagonal titanium plate.

2) A tensile orthotropic panel with a hole repaired by a
trapezoidal titanium plate.

II. Nonlinear Model

The proposed nonlinear model is described in detail in Ref.
1; therefore only a brief review is given here. In the idealiza-
tion process two structural entities are considered: First, the
two sheets are defined as the first domain (21) in which the
linear two-dimensional elasticity relations are valid. In the
following plane stress is assumed. Second, the fasteners (Q2)
are modeled by a combination of the elastic foundation theory
with nonlinear relations (see Fig. 1). In the first step, the two
layers are divided into a finite element mesh. The fasteners are
idealized as follows: First, continuous distributed springs are
attached to the perimeter of the fastener hole on one side and
to a rigid disc on the other (see Fig. 1). This technique is used
for modeling the contact stress between the fasteners and the
plate. Second, a nonlinear relation between the relative dis-
placements of the upper and the lower discs, which will be
referred to as 8, and the load transferred by the fastener is
specified. In this study the following relation was used for
o= 8-

M

where 4, B, C, and P; are the constants which characterize the
fastener and 4 is the initial clearance between the fastener and
the hole. For § < §, the transferred force is set to zero.
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Fig. 1 Schematic representation of the model.
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For the sake of simplicity the following definitions are
introduced. First the upper and lower rigid disk displace-
ments, as defined in Fig. 1, are arranged in a vector form,
fU} and {D}, respectively. Then the following linear rela-
tions are defined:

{F} =[Sw] tU] 2

where the coefficient matrix [S,,] represents the relation be-
tween the displacements of the upper plate and the loads
transferred by the fasteners {F}.

{Qe} _ [[Seel [Sedl] {De} 3
F [Seel [Saald (D

where [S,.] relates the external force Q, to the displacement at
the applied load zone D, . The vector [S.y] and the matrix [Sy,]
are defined in a similar fashion.

These coefficient matrices, which represent the mechanical
response of the repair and the panel, were computed by the
finite element program MSC/PROBE?. Superconvergent
procedures were employed for computing the total force trans-
ferred by the fasteners and the stress intensity factors. This
allows for a very substantial reduction in the number of de-
grees of freedom. To further reduce computing resource re-
quirements, and thus to decrease solution time, the linear
degrees of freedom are first condensed out and then the ‘‘hy-
brid method”’ developed by Powel?’ is implemented to solve
the nonlinear equations. '

II1. Repair of a Composite Panel—Shear Loading

The first problem considered is typical for repairs of com-
posite panels subjected to shear loading: A composite panel
with a 63.5-mm (2-1/2 in.)-diam circular hole, simulating
damage, and three metal reinforcements, is loaded by a stiff
frame which imposes a shear-dominant loading. The damage
was repaired by an octagonal titanium plate designed to relieve
the highly stressed area in the neighborhood of the damage.
The panel was tested and strains were recorded at three loca-
tions. The panel geometry with its relevant dimensions and the
three strain gauge locations are shown in Fig. 2. Experimental
results for this test are available in Ref. 16. Since the panel is
loaded primarily in shear, the laminate layup contains a high
percentage of =+ 45 deg graphite/epoxy tape plies (AS-1/3501-
6 G/E). The layup is [ &= 45, 0, =+ 45, 90 deg], with a thickness
of 1.981 mm (0.078 in.) The equivalent homogenous material
properties for the laminate were calculated in Ref. 16 to be
E,=33.58 GPa (0.487x 10" psi), E,=28.68 GPa
(0.416 X 107 psi), vy, =0.604, and G,, =26.20 GPa
(0.380 x 107 psi). These equivalent orthotropic properties were
determined using the classical thin lamination theory, in which
the laminate is assumed to consist of perfectly bonded lami-
nae. Moreover, the bonds were assumed to be infinitesimally
thin as well as nonshear-deformable (no slippage between
layers). Thus, the laminate acts as a single layer of material
with effective properties?3.
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Fig. 2 Bolted repair shear test (dimensions in millimeters; Ref. 16).

Fig. 3 Finite element mesh used for analyzing the unrepaired panel.

The test procedure included two main steps: In the first one,
the damaged panel had been tested without the titanium re-
pair. In the second step, after installing the repair, the panel
was loaded again, this time to failure. In both cases strain
measurements were recorded during the loading.

A. Previous Analytical Work

One of the better models for quantifying the error of ideal-
ization of fastened connections was developed within the
framework presented in Ref. 15 and in more detail in Ref. 16.
This model was created for analyzing tapered-width or-
thotropic repair patches bolted to a skin of finite width with a
centrally located damaged hole. The derivation is based on
compatibility of displacements at the fastener location while
allowing for fastener flexibility and clearance. The patch and
skin displacements are related to the forces by influence coef-

‘ficients which are determined using boundary integration and

boundary collocation. Two superelements, the skin and the
patch, are modeled using series expansions that describe the
displacement and stress fields within each element. Unit loads,
cosine-distributed at each of the bolt holes, were used in
developing a set of equations to determine the bolt loads.

This model, like all models restricted to linear relationships,
incorporates certain assumptions which do not represent the
real behavior of fastener groups well: First, the superposition
of the x component and the y component of the influence
coefficients is not accurate. This can be resolved by iteration
by first solving for the load direction and then obtaining the
influence coefficient based on this direction. Second, since the
model includes the effects of initial clearance, the force-dis-
placement relation describing the fastener cannot be a linear
function. Different relations should be used in three regions,
for the relative displacement & such as 1) 6> 6y, in which a
linear relation, ' = by - (6 — 8p) should be assumed, where b, is
the fastener stiffness, F is the transferred force and 9§, is the
initial clearance; 2) — 6y =<6 =<y, in which the transferred
force is zero; and 3) 8< — &, in which the linear relation
should be of the type F = by (6 + 8p) (note that the initial
clearance &, reversed its sign). Third, nonlinear effects such as
frictional loads, plasticity, and contact are not considered.

In the following formulation of a nonlinear model which
accounts for both the force and stress distribution in fastened
structural connections, provided that the effects of out of
plane bending can be neglected, is outlined.

B. Present Analysis of the Unrepaired Panel

The p-version finite element code MSC/PROBE was used
for analyzing this test case. The two stiffeners were repre-
sented in the model by increasing the effective thickness in the
required zones (see Fig. 2). The mesh is shown in Fig. 3.
Taking advantage of antisymmetry, only a quarter of the
specimen was analyzed.

Two different boundary conditions were considered and
compared: a) Model A: The loading was applied through
uniformly distributed normal traction; and b) Model B: The
loading was applied through uniformly distributed displace-
ment. The panel began to buckle at the edge of the hole when
the external applied load was just above 35.58 kN (80001lb). To
stay within the linear range, the comparison between the cur-
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rent finite element predictions and the test results was made
for the 35.58 kN (8000 1b) load. Table 1 contains comparisons
between the shear strain v,, at location 2, the maximum prin-
cipal strain at location 1 with the reported test data. Analysis
results based on the boundary collocation and boundary-inte-
gration methods!® are also presented in Table 1. Both analyti-
cal predictions are in close agreement with the reported test
data. As was expected, the second model, model B, in which
uniform displacement was imposed, agrees better with the test
results. To reduce test inaccuracies, strains were measured at
different locations which were expected to show the same
values (i.e., back to back and antisymmetric points). Table 1
presents average and extreme test measurements taken from
Ref. 16.

C. Present Analysis of the Repaired Panel

Following the unrepaired test case, a 3.175-mm (0.125 in.)-
thick 6AL-4V titanium patch was installed on the specimen
with sixteen 4.763-mm (3/16 in.)-diam Jo-Bolts. The number-
ing for five bolts is shown in Fig. 2. Two finite element models
were considered. One for the panel (the lower plate) and the
other for the titanium repair (the upper plate). Both models

Table 1 Comparison between the analysis results and test
measurements—before installation of the repair
(the strains are given in pmm/mm)

Ref. 15 Current model

Strain gauge Test results® predictions  Model A Model B

785+ 88 912 (16%) 894 (14%) 861 (9.7%)
1700378 1740 (2.4%) 1768 (4%) 1690 (0.6%)

Yxy at 12
€gg at 22

2Locations at 1 and at 2 are defined in Fig. 2. *Taken from Ref. 16.

Table 2 Fastener forces. Comparison between the
current model with Ref. 15 [forces are in Newtons (Ib)]

Current model

Fastener no. Ref. 15 First iteration? Second iteration
1 1824 (410) 2366 (532) 1886 (424)
2 1784 (401) 2344 (527) 1859 (418)
3 1508 (339) 2224 (500) 1557 (350)
4 2282 (513) 2669 (600) 2349 (528)
5 1490 (335) 2286 (514) 1619 (364)

Tn the first iteration the initial clearance is set to 0.

Table 3 Orientation of fastener forces. Comparison
between the current model and Ref. 15 (angles are in
degrees measured from the x axis)

Fastener no. Ref. 15 Current model
1 59.0 59.2
2 31.0 30.3
3 90.0 90.0
4 44.8 44.5
5 0.0 0.0

Table 4 Comparison between test results and analysis
(the strains are reported in pmm/mm)

Current model

Strain Test Ref. 15 First Second
gauge results predictions iteration iteration
yxyat 10 37214348 3800 (2.1%) 3932 (5.6%) 3834 (3.0%)

€ at 2° 4507.5%]30-7 4371 (3.0%) 3759 (17.0%) 4268 (5.3%)
vy at 3° 9107138 822 (9.7%) 990 (8.8%) 797 (12.4%)

*The large scatter makes the test results questionable at location 3.
YLocations at 1, at 2, and at 3 are defined in Fig. 2.

a) Lower plate—composite panel

b) Upper plate—titanium patch

Fig. 4 Finite element meshes used for analyzing the repaired panel.

Fig. 5 Fastener degrees of freedom.

include the fastener holes. The meshes are shown in Fig. 4.
The fasteners were represented by distributed springs with a
stiffness of 2.5/d Ejanium, Where d is the fastener diameter.
The three-parameter model was employed for describing the
fastener behavior. The relationship between the relative dis-
placement é of the upper and the lower rigid disks and the load
transferred F was constructed using Eq. (1). The required
parameters are documented in Ref. 16 as follows: A = 22.45
kN/mm (0.1282 x 10® 1b/in.), B =0, and ;= 0.0508 mm
(0.002 in.).

In the first step, coefficient matrices for the upper plate and
lower plate, [S,.] and [S4;], the vector [S.,], and the scalar S,
were computed. These coefficient matrices are defined in the
global xy-coordinate system. Each fastener is represented by
two degrees of freedom, x and y, as shown in Fig. 5. Finally,
for each required parameter (e.g., strain), a coefficient matrix
for unit fastener displacement was extracted. In this case the
strain level at three locations was considered. Then the above
data was used to obtain the load distribution between the
fasteners (magnitude and direction) which is documented in
Tables 2 (magnitude) and 3 (angle). At this point, the relative
displacement between the upper rigid disks and the lower rigid
disks (6 = U —~ D) is not necessarily in the same direction as
that of the transferred load. Using the method described in
Ref. 1, the direction of the transferred load was evaluated. In
this first step, the initial clearance was set to zero to eliminate
possible conflict in the direction between the load and the
relative displacement. Then, a second iteration was performed
in which the xy degrees of freedom were rotated to coincide
with the resultant load direction 7, as shown in Fig. 5. The
modified matrices were used for computing the load distribu-
tion among the fasteners. As could be expected, the change in
the direction of the transferred load was found to be relatively
small (i.e., in all cases the transverse component F, was negli-
gible relative to the normal component F,). In this case for all
fasteners, the transferred force and the relative displacement
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Fig. 6 Shear panel-——convergence study.
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Fig. 7 Transferred loads for different fastener stiffnesses.

are in the same direction. The forces calculated in this second
iteration are presented in Table 2.

A comparison between the strains predicted by the current
model and the test results are presented in Table 4. The com-
parison was made for the external load level of 133.4 kN
(30,000 1b). As was expected, the second iteration gave better
predictions than the first one. The results for the first two
locations are in good agreement with the test results while for
the third location the difference is 12.4% which can be ex-
plained by the large scatter (170%) in the test measurements
for this location.

It is concluded that the correlations are generally good,
considering the presence of various error contributions such as
buckling and gauge placement. Table 2 also includes compari-
sons between the transferred forces from the analysis of Ref.
15 and the current model. Again, the results are close.

D. Convergence Study

It is necessary to verify that the numerical solution is close
to the exact solution of the mathematical model. In the current
model, the p-version of the finite element method was em-
ployed to extract the coefficient matrices, then the load distri-
bution was calculated and, finally, stresses and strains were
obtained. The convergence of each of these parameters was
investigated. Figure 6 includes representative normalized data
for the different parameters, with respect to the most accurate
solution available which, in this case, is for p = 8.

First, the convergence of the coefficient matrices was stud-
ied. As an example, the results for S,,(1,1) are plotted in Fig.
6 against p level. For p >4, the estimated error for this term is
less than 2% relative to p = 8. This fast rate of convergence is
due to a superconvergent method of extraction employed.
Second, the convergence of the load distribution among the
fasteners was examined. The transferred load by the second

fastener is plotted in Fig. 6. In this case, it was found that
convergence is even faster. Finally, strain and stress conver-
gence were studied. As could be expected, in this case the rate
of convergence is slower. The strain (eg) at location 2 con-
verged somewhat faster than the maximum stress, which was
found to be at location 4, on the perimeter of the fourth
fastener hole of the panel. Again, the data is presented in Fig.
6. Based on these results, it is concluded that in order to study
the load distribution among the fasteners it is sufficient to use
p =5, but for strains and stresses higher p levels (up to p = 8§)
are required.

E. Parametric Studies

To understand the sensitivity of the results to different
fastener parameters, a parametric study was performed. Two
parameters were investigated: first the initial clearance, and
second the fastener stiffness.

1. Initial Clearance

Since the exact initial clearance at each fastener cannot be
measured in practical cases, it is important to assess the sensi-
tivity of the results to changes in initial clearance. Five differ-
ent cases were solved, where an increase of 0.0254 mm (0.001
in.) in clearance was assigned to each of the fasteners, one
fastener at a time. The percent change in the load distribution
among the fasteners for each increase in clearance (as well as
in the strains at locations 1, 2, and 3) relative to the basic case,
where the initial clearance was set to 0.0508 mm (0.002 in.) in
all of the fasteners, are reported in Table 5. In all cases, the
load transferred by the fastener whose clearance was increased
by 0.0254 mm (0.001 in.) was found to decrease by 15-18%.
The strains were found to be most sensitive to a change in the
fourth fastener, which is due to the fact that in the basic case
this fastener carries the largest load. The strain at location 2
becomes larger when the initial clearance is increased. This can
be explained by the fact that the transferred forces are reduced
and less relief is given to the highly stressed zone in the panel
by the titanium repair. The same argument can be used to
explain why the shear strain in the repair (location 3) is re-
duced.

In all cases, the fastener load is most sensitive to its own
level of clearance. The fourth fastener is affected very little by
changes in clearance levels in other fasteners, and when the
initial clearance at this fastener is increased, the additional
load is equally distributed among the fasteners. This is an
important fact which makes the situation less critical. If the
other fasteners were installed with a higher initial clearance,
the additional load would be distributed among the other
fasteners and only a small amount of that load would be
carried by the fourth fastener which is originally the most
critical. Note that relief forces from the inner fasteners (1 and
2) are moved to the external fasteners (3 and 5); loads from the
external fasteners are first moved to the other external fastener
(excluding fastener 4) and only then to the inner fasteners.
This fact explains the nature of the repair—when the symme-
try is disturbed, the fasteners which are remote from the

Table 5 Percent change in transferred load and strains as a
result of a 0.0254 mm (0.001 in.) increase in initial clearance

Fastener number with increased clearance
Parameter 1 2 3 4 5

F1 —17.2% —0.5% 4.2% 3.4% -2.7%
F2 —-0.5% —17.6% ~2.8% 3.5% 4.3%
F3 12.4% —4.6% —15.3% 3.8% —7.9%
F4 2.7% 2.8% 0.6% —16.2% 0.6%
F5 —6.2% 9.8% —9.3% 1.9% —16.5%
Yxy at 12 —-0.29% —0.31% 0.05% —0.81% 0.08%
€gg at 28 —1.56% —1.48% 0.68% 1.87% 0.68%
Yxy at 32 —0.04% —0.04% —0.29% —4.44% —0.20%

*Locations at 1, at 2, and at 3 are defined in Fig. 2.
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symmetry line are the first ones to be affected, as the corre-
sponding moment arms are the largest.

2. Fastener Stiffness

An important parameter which controls the amount of load
transferred from the panel to the repair is the stiffness of the
fasteners. To study the sensitivity of the load distribution with
respect to fastener stiffness, five additional levels of stiffness
were solved in the range 0.01b, to 1000b,, where by is the basic
fastener stiffness. The load distribution among the fasteners
for each case is reported in Fig. 7. The external fasteners (3
and 5) are more heavily loaded relative to the inner fasteners
when the fastener stiffness is increased.

IV. Repair of a Composite Panel—Tensile Loading

The second test case considered is a damaged panel made of
graphite/epoxy repaired by a mechanically fastened titanium
patch. The repaired panel is loaded in tension. The proposed
model was employed to solve this second case.

A composite laminate with a 101.6-mm (4.0 in.)-diam hole
simulating damage near a spar and a rib, as shown in Fig. 8,
is loaded in tension. The graphite/epoxy laminate was fabri-
cated from AS/3501-6 tape with a [0, + 45, 90] layup pattern
to a thickness of 12.7 mm (0.5 in.). Using the classical thin
lamination theory, the equivalent homogenous material pro-
perties for the laminate were calculated in Ref. 15 to be
E, =68.96 GPa (1.0 x 107 psi), E, = 26.62 GPa (0.386 x 10’
psi), Gy, = 17.65 GPa (0.256 x 107 psi), and vy, = 0.548. The

LOAD LOAD
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LOAD LOAD

Fig. 8 Repaired panel test case—tension (dimensions in milli-
meters).
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Fig. 9 Idealization of the titanium patch (dimensions in millimeters).

Table 6 Comparison of the test results for the strains
with analytical results

Location Test? Ref. 152 Current model?
1 3830 4064 3915 (2.2%)
2 3639 3890 3973 (9.2%)
3 10822 10626 10207 (—~5.7%)
4 3491 4066 4011 (14.9%)
S 4000 —_— 4024 (0.6%)
6 2617 3839 2818 (7.7%)
7 959 992 1014 (5.7%)

2Strains are given in pmm/mm.

i

a) Graphite/epoxy panel

b) Titanium repair

Fig. 10 Finite element meshes for the panel and the repair—the
tension case.

damage was repaired by a titanium plate designed to reduce
stresses in the neighborhood of the damage. The repair and
numbering scheme used for 14 of the fasteners are shown in
Fig. 9. The 4.064-mm (0.16 in.)-thick titanium patch was
attached by a total of 48 6.35-mm (0.25 in.) Jo-Bolts to the test
specimen.

Loading plates were bolted to each end of the repair speci-
men and attached to the test machine with a single pin joint at
each end to impose a tension-dominant field. Figure 8 shows
the locations of the strain gauges installed on the specimen.
The specimen was subjected to an initial load of 266.8 kN (60
kips) to seat the load plates and to calibrate the strain gauges.
The specimen was then loaded in increments of 266.88 kN (60
kips) to test ultimate load with strain data recorded at each
increment. The results are documented in Table 6 for a load of
1.36 MN (305.9 kips). This load level corresponds to approx-
imately 4000 pmm/mm gross laminate strain. Geometric de-
tails are given in Figs. 8 and 9.

A. Analysis

Since most of the geometric details are almost symmetric
with respect to two planes of symmetry, it was decided to
analyze a quarter of the specimen and to impose boundary
conditions of symmetry along the lines of symmetry. Two
finite element meshes were constructed: one for the graphite/
epoxy panel, the other for the titanium repair. The meshes are
shown in Fig. 10. The fasteners were represented by dis-
tributed springs with a stiffness of 2.5/d Eijnium, Where d is
the diameter. Again, the three-parameter model was employed
to describe the relation between the transferred force and the
relative displacement (1). The three constants 4, B, C, and &
for this case are given in Ref. 16 as follows: A = 81.95 kN/
mm (0.468 x 10° 1b/in.), B =0, C = 1.0, and §; = 0.0508 mm
(0.002 in.).

Next the upper and lower plate coefficient matrices, [S,,}
and [Sy], the vector [S.4], and the scalar S, were extracted.
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Fig. 11 Convergence study—the tension panel.
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Fig. 12 Effect of increasing the initial clearance.

Furthermore, for each strain-gauge location, a coefficient ma-
trix, for a unit fastener displacement, was extracted. The
above data was then employed in calculating the rigid disk
displacements as well as the load distribution among the fas-
teners. As with the shear panel case, two iterations were neces-
sary to solve first for the load direction and then for the actual
loads and displacements. Finally, using the above coefficient
matrices, the strains at the seven locations were calculated.
The comparison between the strains predicted by the current
model and the test results are presented in Table 6. The com-
parison is made for an external load of 1.36 MN (305.9 kips).
The results for most of the locations are in a good agreement
with the experimental test results. Only for the fourth location
is the difference greater than 10%. This disagreement can be
explained by the fact that the configuration is not symmetric
(the repair is installed only on one side of the panel) which
probably caused the specimen to bend. This bending resulted
in reduced tensile strains on the patch outer surface.!® As the

current model is two-dimensional, it does not account for
bending but only for the average (membrane) strain through
the thickness. This is a modeling error which can be eliminated
by using a computationally more demanding plate model for
the panel and the repair.

B. Convergence Study

As previously noted, it is important to verify that the finite
element solution is substantially independent of the discretiza-
tion. A convergence study was performed for this purpose.
Figure 11 presents representative normalized data for one of
the terms in the coefficient matrix S,,(1, 1) and for the force
transferred by the first fastener F;. The data is normalized
with respect to the most accurate solution available (p = 8). In
both cases, for p >4 the estimated error is less than 2%
relative to p = 8. As in previous cases, the transferred load F;
showed a somewhat greater convergence rate than the coeffi-
cient matrix term S, (1, 1). It is again concluded that in order
to study the load distribution among fasteners, it is sufficient
to use p = 5.

C. Parametric Studies

As in the case of the shear panel, in order to investigate the
sensitivity of the results to variations in fastener parameters, a
parametric study was conducted. Again, the following two
parameters were studied: 1) the initial clearance, and 2) the
fastener stiffness.

1. Initial Clearance

The sensitivity of the load distribution to changes in the
initial clearance was investigated. First, an increase of 0.0254
mm (0.001 in.) in clearance was specified for each fastener,
one fastener at a time, along the center row (fasteners #3, #6,
#9, and #12 as defined in Fig. 9). The percent change in the
transferred load is presented in Fig. 12a. Then an increase of
0.254 mm (0.01 in.) was specified at the same locations. The
results of this study are shown in Fig. 12b. Note that in both
cases the behavior is similar: the fasteners located in the neigh-
borhood of the fastener with the increased clearance absorbed
more of the relieved load than the other fasteners. The load
transferred by the fasteners with larger clearances decreased
10-40% for the 0.0254-mm (0.001 in.) clearance level and
100% for the 0.254-mm (0.01 in.) clearance level.

2. Fastener Stiffness

The second parameter investigated is the effect of variations
in fastener stiffness. Six additional stiffness values were con-
sidered in the range 0.001b, and 1000b,, where b, is the basic
fastener stiffness, 81.95 kN/mm (0.468 x 10°1b/in.). The nor-
malized transferred load by each of the fasteners in the center
row (fasteners #3, #6, #9, and #12) is shown in Fig. 13. In this
case, the two extreme fasteners (#3 and #12) transfer more of
the load when the fasteners become stiffer while the inner ones
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Fig. 13 Transferred load for different fastener stiffnesses.
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(#6 and #9) transfer less load than they did originally. In this
case, the ‘‘saturation point’’ is found to be close to 100b,.
From this point on the load is virtually insensitive to change in
the fastener stiffness.

V. Summary and Conclusions

Numerical solutions were obtained by means of the p-ver-
sion of the finite element method. The solution process in-
volved two steps: First, linear coefficient matrices were ob-
tained using the p-version finite element code MSC/PROBE.
Second, the nonlinear equations were solved by a program
especially written for that purpose.

The model predictions were found to be in a good agree-
ment with the experimental results reported in the literature.
In all cases, quality control and error estimation calculations
based on p-extensions were performed. Based on these model
problems, it was concluded that for load analysis relatively
coarse mesh can be used with p < 5. For strain and stress
analyses, as well as for fracture mechanics computations,
higher p-levels are needed, however.

Based on previous investigations, and on the current study,
it was found that there are two important parameters which
affect the load distribution among the fasteners (these could
be determined with a relatively low level of confidence): the
fastener stiffness and the level of initial clearance at each
fastener. Both of these parameters are controlled by the man-
ufacturing and the installation processes. Based on representa-
tive cases the following observations are made:

1) It was found that in all cases there were two saturation
points with respect to the fasteners’ stiffness, called the
“weak’’ and “‘stiff’’ points, beyond which the fasteners may
be considered as infinitely weak or stiff, respectively. To un-
derstand the sensitivity of the loads with respect to fastener
stiffness, one should first locate the investigated case relative
to these two points.

2) Two increments of initial clearance were specified. A high
level (relative to the original displacement) to represent a poor
installation where the fastener may be considered almost ab-
sent, and a low level which corresponds to a minor flaw in
installation. In both cases, the behavior was found to be
similar: for the tensile cases, the largest load change was
always at the fastener location where the increment of clear-
ance was specified, and the load change decayed with the
distance from that fastener. For the shear case, moment con-
siderations controlled load redistribution.
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